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Abstract
Taking the effect of spatial diffusion into account, we introduce an exponential ordering and give sufficient
conditions under which reaction–diffusion systems with delays generate monotone semi-flows on a suitable phase
space even if they are not quasi-monotone. The powerful theory of monotone semi-flows is applied to describe the
threshold dynamics for a nonlocal delayed reaction–diffusion system modelling the spread of bacterial infections.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction
In many biological and ecological systems, when the effect of spatial diffusion and time delay are
taken into account, parabolic partial functional differential equations are usually used to model the
evolution of such systems (see for instance [1–5]).
In [6], Martin and Smith considered the reaction–diffusion system with delays of the form
ut = D  u + F(x, ut(x)) (1.1)
where u ∈ Rn , D = diag(d1, . . . , dn) with di ≥ 0, ut(x)(θ) = u(x, t + θ),−τ ≤ θ ≤ 0, τ > 0 is
time delay, and the function F : Ω × C([−τ, 0], Rn) → Rn is continuous and satisfies a local Lipschitz
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condition with respect to its second argument. They established the monotonicity of the solution semi-
flow on a suitable phase space, and they also obtained additional conditions for this semi-flow to be
eventually strongly monotone. However, in order for the semi-flow to be order-preserving with respect
to its phase space, the reaction term F is required to satisfy a certain quasi-monotonicity condition (QM),
which limits its application in some cases. It is natural to ask whether QM condition can be relaxed. This
question was addressed by Smith and Thieme in [7,8] for the case of ordinary functional differential
equations (i.e. the spatial diffusion is absent), where they established the monotonicity of the semi-flow
on a restricted but sufficient large subspace with a nonstandard exponential ordering and then applied
the convergence results developed in [9,10] to describe the global dynamics of the monotone semi-flow.
The recent progress towards the combined effect of spatial diffusion and time delay leads to some
interesting reaction–diffusion equations, which incorporate both time delay and nonlocal spatial effects.
The latter play a very important role in the pattern formation of solutions such as bifurcations. The
nonlocality, a weighted average in space, arises very naturally when one takes into account that
individuals move during the underlying retarding process (see [11,12]). Recently, taking the spatial
diffusion into account, Wu and Zhao [13] introduced a new exponential ordering in the phase space with
respect to which they established the strong order-preserving property (SOP) of the semi-flow generated
by some reaction–diffusion equation with a non-quasi-monotone reaction term, and then applied it to
obtain the thresholds dynamics for a nonlocal delayed and diffusive population model: if the zero solution
of an equation is linearly stable, the species goes to extinction; if it is linearly unstable, then the species
is uniformly persistent. The purpose of this work is to extend the previous result in this direction for the
scalar equation in [13] to system (1.1) where term F does not necessarily enjoy the QM property, and
such an extension seems to require some new ideas illustrated by the example.
The work is organized as follows. In the next section, the new exponential ordering is introduced and
sufficient conditions for the SOP property to hold are given. In Section 3, we apply the powerful theory
of monotone semi-flows to describe the global dynamics for a nonlocal and delayed reaction–diffusion
system modelling the spread of bacterial infections while the QM property fails.
2. The exponential ordering
Let (Xi , Pi )(1 ≤ i ≤ n) be ordered Banach space with int(Pi ) = ∅, and let Ai : Dom(Ai) −→ Xi be
the infinitesimal generator of an analytic semigroup Ti (t) satisfying Ti (t)Pi ⊆ Pi , for t > 0. Moreover,
let X = ∏ni=1 Xi , P = ∏ni=1 Pi , A = ∏ni=1 Ai , Dom(A) = ∏ni=1 Dom Ai ; then A : Dom(A) −→ X
is the infinitesimal generator of an analytic semigroup T (t) = ∏ni=1 Ti (t) denoted by eAt on the ordered
Banach space (X, P). Let τ ≥ 0 be fixed, and define Cτ = ∏ni=1 C([−τ, 0], Xi ). For a quasi-positive
matrix B = (bi j ), let us introduce the new cone
K B = {φ = (φ1, . . . , φn) ∈ Cτ : φi(s)≥Xi 0,∀s ∈ [−τ, 0], 1 ≤ i ≤ n and
φ(t)≥X eA(t−s)eB(t−s)φ(s),−τ ≤ s ≤ t ≤ 0}
It is easy to see that K B is a closed cone in Cτ and generates a partial order ≥B on Cτ . This ordering
is usually called the exponential ordering. By an argument similar to that in Lemma 2.1 of [13], we can
claim that a smooth function φ ∈ K B if and only if φ(−τ )≥X 0 and dφ(t)dt − (A + B)φ(t)≥X 0 for all
t ∈ (−τ, 0).
Let G be an open subset of Cτ , and assume that F : Ω × C([−τ, 0], Rn) → Rn is continuous and
satisfies a local Lipschitz condition with respect to its second argument on each compact subset of G.
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Consider the functional differential equation
du(t)
dt
= Au(t) + F(x, ut), x ∈ Ω, t > 0,
u0 = φ ∈ G (2.1)
The existence and uniqueness of a local solution u(t, φ) of (2.1) is established in [5,6]. This solution can
be continued to a maximal interval of existence [0, σφ). Moreover, if σφ > τ , then u(t, φ) is a classical
solution of (2.1) for t ∈ (τ, σφ).
By the argument similar to that in Theorem 2.1 of [13], we can prove that the semi-flow Φ(t)(φ) =
ut(φ) generated by (2.1) is monotone with respect to the ordering ≥B on Cτ under the following
condition:
Fi (x, ψ) − Fi(x, φ)≥Xi
n∑
j=1
bi j (ψ j (0) − φ j (0)), 1 ≤ i ≤ n (MB )
for x ∈ Ω and ψ,φ ∈ G with ψ ≥B φ.
Theorem 2.1. Let (MB ) hold and ψ ≥B φ. Then ut(ψ)≥B ut(φ) for all t ≥ 0 such that both solutions
are defined.
Corollary 2.2. Let the hypothesis of Theorem 2.1 hold and assume that Ti (t)(Pi \ {0}) ⊂ Int Pi . If
ui(t0, ψ)>Xi ui(t0, φ) for t0 ≥ −τ , then ui (t, ψ)Xi ui(t, φ) for t > t0.
Proof. It follows from the statement in Theorem 2.1 and the facts that eBt is a nonnegative matrix with
the elements in the diagonal being strictly positive and eAt is a strong monotone operator. 
We now seek sufficient conditions for Φ(t) to be SOP on Cτ . The result below can be viewed as
giving sufficient conditions for the semi-flow Φ(t) to be eventually strongly monotone from (Cτ ,≥B)
into (Cτ ,≥). We require an irreducibility assumption.
If φ, ψ ∈ Cτ satisfy ψ ≥B φ and J is a proper subset of N = {1, . . . , n} such that ψ j X j φ j for
j ∈ J , and ψk(0) = φk(0) for k ∈ N − J , then there exists some p ∈ N − J such that
Fp(x, ψ) > Fp(x, φ) for any x ∈ Ω . (IB )
Observe that if (MB ) holds, then a sufficient, but not necessary, condition for (IB ) to hold is that B is
an irreducible matrix.
Theorem 2.3. Assume that F satisfies (MB ) (IB ) and T (t)(P \{0}) ⊂ Int P. If φ,ψ ∈ C satisfy ψ ≥B φ
and ψ = φ, then ut(ψ)X ut(φ), for t ≥ (n + 1)τ , where the inequalities hold for those t for which
both solutions are defined.
Proof. Let y(t) = u(t, ψ) − u(t, φ) and by the abstract integral form of (2.1), we have
y(t) = eA(t−s)y(s) +
∫ t
s
eA(t−θ)(F(x, uθ (ψ)) − F(x, uθ (φ)))dθ, 0 ≤ s ≤ t. (2.2)
Corollary 2.2 implies that there exists i such ui(t, ψ)Xi ui (t, φ) for all t ≥ τ . By Theorem 2.1 and
assumption (IB ), it follows that there exists j = i such that
Fj (x, uθ (ψ)) − Fj (x, uθ (φ)) > 0, θ ≥ τ.
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Otherwise there is nothing to be proved. By (2.2) and the strong positivity of T (t), we then get
u j (t, ψ)X j u j (t, φ), t ≥ 2τ.
By the assumptions (MB ) (IB), it follows that there exists k = j, i such that
Fk(x, uθ (ψ)) − Fk(x, uθ (φ)) > 0, θ ≥ 2τ.
By (2.2) and the strong positivity of T (t) again, we get
uk(t, ψ)Xk uk(t, φ), t ≥ 3τ.
Continuing in this manner shows that
u(t, ψ)X u(t, φ), t ≥ nτ. 
In order to establish the SOP of Φ(t), in addition to (IB ), a slightly stronger condition than (MB ) is
required. Basically, the inequality in (MB ) must be strict in case ψ(s)X φ(s).
If φ, ψ ∈ Cτ satisfy ψ ≥B φ and ψ(s)X φ(s) for s ∈ (−τ, 0], then
F(x, ψ) − F(x, φ)X B(ψ(0) − φ(0)), x ∈ Ω . (SMB )
Theorem 2.4. Assume that F satisfies (SMB ) (IB ) and T (t)(P \ {0}) ⊂ Int P. Then the semi-flow Φ(t)
generated by (2.1) is SOP on (Cτ ,≥B).
Proof. It can be proved by the result of Theorem 2.3 and the argument in the proof of Theorem 2.2
in [13], and thus the detail of its proof is omitted here. 
3. A nonlocal delayed reaction–diffusion system
Consider the nonlocal delayed reaction–diffusion system
∂u1
∂t
= d1  u1 + u1
(
−a11 − b11
∫
Ω
Γ1(x, y, τ1)u1(y, t − τ1)dy
)
+ a12u2(x, t), x ∈ Ω, t > 0,
∂u2
∂t
= d2  u2 + u2
(
−a22 − b22
∫
Ω
Γ2(x, y, τ2)u2(y, t − τ2)dy
)
+ a21g(u1(x, t − τ1)),
∂ui
∂ν
= 0, x ∈ ∂Ω, t > 0,
ui(x, s) = φi(x, s), x ∈ Ω,−τi ≤ s ≤ 0. (3.1)
where τi , bii ≥ 0 (i = 1, 2), ai j > 0 (i, j = 1, 2), di > 0 are the diffusion rates, g : R+ → R+
is a continuously differentiable function, Γi are the Green’s functions associated with di  − aii I and
homogeneous Neumann boundary condition.
System (3.1) models the spread of bacterial infections. The special case of our system (without
nonlocal terms) was considered in [14], and we refer the reader to [15] for the detailed description
of the various terms in the system. Our system is more realistic than that in [14] since the species is
moving during the underlying retarding process. It should be noted that the condition QM is invalid for
system (3.1). As an application of results of the previous section and the powerful theory of monotone
semi-flows, we obtain the following threshold result on the global dynamics for model system (3.1): The
species stabilizes eventually at positive steady state; otherwise it goes to extinction.
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Theorem 3.1. Assume that
(1) g(0) = 0 and g′(z) > 0 for z ≥ 0;
(2) g(z) is strictly sub-homogeneous on R+;
(3) there exists z0 > 0 such that g(z0) ≤ a11a22a12a21 z0;
(4) BieAiτi τi < 1e with A1 = a11 + b11z0e−a11τ1 , B1 = b11z0, A2 = a22 + a11b22a12 z0e−a22τ2 ,
B2 = a11b22a12 z0.
Then:
(a) if g′(0) ≤ a11a22
a12a21
, then for any φ ∈ C+τ = C(Ω × [−τ1, 0], R+) × C(Ω × [−τ2, 0], R+),
limt→+∞ u(x, t, φ) = 0 uniformly for x ∈ Ω ;
(b) if g′(0) > a11a22
a12a21
, then for any φ ∈ C+τ \ {0}, limt→+∞ u(x, t, φ) = u∗(x) uniformly for x ∈ Ω ,
where u∗(x) is the unique positive steady state of (3.1).
Proof. For any φ = (φ1, φ2) ∈ C+τ , we define
F1(φ1, φ2)(x) = φ1(x, 0)
(
−a11 − b11
∫
Ω
Γ1(x, y, τ1)φ1(y,−τ1)dy
)
+ a12φ2(x, 0)
F2(φ1, φ2)(x) = φ2(x, 0)
(
−a22 − b22
∫
Ω
Γ2(x, y, τ2)φ2(y,−τ2)dy
)
+ a21g(φ1(x, 0)).
By assumption (1) and Corollary 4 of [16], it follows that for any φ ∈ C+τ , (3.1) admits a unique mild
solution u(t, φ) ∈ C+τ satisfying u0 = φ. 
By the proposition 3.4 of [14], the unique solution u(x, t, φ) of the reaction–diffusion system
∂u1
∂t
= d1  u1 − a11u1 + a12u2(x, t), x ∈ Ω, t > 0,
∂u2
∂t
= d2  u2 − a22u2 + a21g(u1(x, t − τ1)),
∂ui
∂ν
= 0, x ∈ ∂Ω, t > 0,
u1(x, s) = φ1(x, s), x ∈ Ω,−τ1 ≤ s ≤ 0.
u2(x, 0) = φ2(x, 0), x ∈ Ω,
(3.2)
exists globally on [0,+∞) and if g′(0) ≤ a11a22
a12a21
, then for any φ ∈ C+τ , limt→+∞ u(x, t, φ) = 0; if
g′(0) > a11a22
a12a21
, then for any φ ∈ C+τ \ {0}, limt→+∞ u(x, t, φ) = u∗(x) uniformly for x ∈ Ω , where
u∗(x) ≤ (z0, a11a12 z0) is the unique positive steady state of (3.2). Then the comparison Theorem 2.2 of [6]
implies that for any φ ∈ C+τ , the solution u(x, t, φ) exists globally on (0,+∞). Hence the first part of
the theorem is valid and for any given  > 0
‖u(t, φ)‖C+τ ≤ M = z0
(
1 + a11
a12
)
+  (3.3)
for large t .
Let Y = {φ ∈ C+τ : φ(·, s) ≤ (z0, a11a12 z0), s ∈ [−τ, 0]}, Y0 = {φ ∈ Y : φ(·, 0) ≡ 0} and ∂Y0 = Y \Y0.Clearly, the semi-flow Φ(t) : Y → Y is point dissipative and compact for every t > max{τ1, τ2}. Using
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an argument similar to that of the proof of Lemma 3.1 of [17] and applying Theorem 4.6 of [18], we
can prove that Φ(t) is uniformly persistent with respect to ∂Y0 under the condition g′(0) > a11a22a12a21 . By
Corollary 2.2 of [14], we can see that (3.1) with τi = 0 (i = 1, 2) admits a unique positive steady state
u∗(x) if g′(0) > a11a22
a12a21
. Therefore by Theorem 1.4.3 and Remark 2.4.1 of [19], it follows that solution
u(t, φ) with φ ∈ Y0 converges to the unique steady state u∗(x) of (3.1) provided that (SMB ) holds for a
suitable matrix B.
Choose B = diag{−µ1,−µ2} with µ1, µ2 > 0 determined later. Let K B be defined as in Section 2
with X = C(Ω,R2), P = C(Ω,R2+) and A = (d1∆ − a11 I, d2∆ − a22 I ). Assume that ψ,φ ∈ Y
satisfy ψ ≥B φ and ψ(s)X φ(s) for s ∈ (−τ, 0]; then ψ − φ ∈ K B implies
ψi (0) − φi(0)≥Xi Ti (τi )e−µiτi (ψi (−τi) − φi (−τi)) i = 1, 2.
Then it follows that
F1(ψ) − F1(φ) + µ1(ψ1(0) − φ1(0))
= −b11[ψ1(0)T1(τ1)ψ1(−τ1) − φ1(0)T1(τ1)φ1(−τ1)] + a12(ψ2(0) − φ2(0))
+ (µ1 − a11)(ψ1(0) − φ1(0))
> (µ1 − a11)(ψ1(0) − φ1(0)) − b11[ψ1(0)T1(τ1)ψ1(−τ1) − φ1(0)T1(τ1)φ1(−τ1)]
≥ (µ1 − a11 − b11z0e−a11τ1 − b11z0eµ1τ1)(ψ1(0) − φ1(0)).
Let A1 = a11 +b11z0e−a11τ1 , B1 = b11z0 and define f1(µ1) = µ1 − A1 − B1eµ1τ1 for µ1 ≥ 0. If τ1 = 0,
then f1(µ1) > 0 for µ1 ≥ a11 + 2b11z0. If τ1 > 0 and B1eA1τ1τ1 < 1e , then f1(µ1) reaches its positive
maximum value at µ1 = A1 + 1τ1 ln 1B1eA1τ1τ1 > 0. Similarly we can choose µ2 > 0 such that
F2(ψ) − F2(φ) + µ2(ψ1(0) − φ2(0)) > 0.
Clearly the condition (4) still holds under the small perturbation of z0; then there is a small  such that
the solution u(x, t, φ) of (3.1) converges to u∗(x) if φ ∈ {φ ∈ C+τ : φ(·, s) ≤ (z0 + , a11a12 z0 + ), s ∈[−τ, 0] and φ(·, 0) ≡ 0}. By inequality u∗(x) ≤ (z0, a11a12 z0) and the standard parabolic principle, we can
conclude that the second part of the theorem holds and thus complete the proof of the theorem.
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